Principal structures of submodular systems  by Fujishige, Satoru
Discrete Applied Mathematics 2 (1980) 77-79 
0 North-Holland Publishing Company 
CQMMUNICATION 
PRRMXPAL STRUCTURES OF SUBMODULAR SYSTEMS 
Satoru FUJISHIGE 
hstitute of Sod-Economic Phcing, t.Jniversity of Tsukuh Sakura-mura, lbaraki-ken 305, 
Japan 
Communicated by A.J. Hoffman 
Received 9 October 1979 
1. . . - and -arfes 
Let E be a finite set and R the set of all real numbers. Also, let f : 2E +R he a 
submodular function, i.e., f satisfies the system of inequalities 
f(A)+f(B)~f(AuB)+f(AnB) (44,BsE). 
We call the pair (E, f) a submodular system. 
Given a submodular system (E, f) and an element e E E, suppose 
with e E Dg E satisfies 
f(D)=min(f(A)IeEAsE}. 
(1.1) 
that a set D 
(1.2) 
We call such a set D a critical set off with respect to element t’ E E. Let us denote 
by 9+(e) the set of all critical sets of f with respect o e E E. We can easily show 
Lemma 1. 9+(e) forms a distributive lattice with respect to the ptial order of sei 
inclusion. 
It follows from Lemma 1 that there is the unique minimal element in 9,(e), 
which we denote by Q(e)s E. 
Tbeorenr 1. For any e,, e2 E E, if e2 E Df(e,), then 
Qte2> s Q(e& 
-_ 
(1.3) 
Proof. Put Ai = D&Q (i = 1, 2). Because of the definition of AI = Q(e,), 
f(A,) sf(A, U A,). 11.4 
From (1.4) and the submodularity of f, 
fb42) 2 f(A 1 n A2). U.5) 
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Since e2 E AI n A2 and because of (1.5) and the definition of A2 = Df(e2), we have 
(1.3). u 
2. Principal structures 
Given a submodular system (E, f), let us consider a directed graph G@, A*) 
with vertex set E and arc set A* defined by 
A*= {(e,, e2) Ie,, e2 E E, e2 c Q(d - hb (2.1) 
It follows from Theorem 1 that graph Gf(E, A”) is transitive and that every 
strongly connected component of G,(E, A*) is a complete directed graph. 
Decompose G,(E, A*) into strongly connected components G)‘)(&, A3 
(i = 1,2,. . . , n). This induces the partition g = {& 1 i = 1,2, . . . , n} of set E and the 
partial order ,< on 29 such that Ei < Ei if and only if there is a directed path in 
G,(E, A*) from a vertex in Ej to a vertex in 4. The principal s?rucmre of the 
submodular system (E, f) is the partition 8!? together with the partial order < 
defined on % 
Theorem 2. Let (8, < ) be the principal structure of the submodular system (E, f). 
Then for any e E Ej E %, 
Df(e) = U{Ei I Ei E gy Ei < Ei}= (2.2) 
Proof. The theorem follows from the definitions of Df(e) and 4’s. Cl 
Remark 1. For a submodular system (E, f) and an element e E E, let us denote by 
Ijf(e) the unique maximal element of distributive lattice 9+(e). Then we have 
Theorem 3. For any e,, e2E E, if e2E h&e,), then 
&(e2) s @e,>. (2.3 
Based on Theorem 3, we can define a “principal structure” of (E, f) similarly as 
above. However, as can be easily seen, this “principal structure” is coarser than 
the one defined above. 
Remark 2. For a submodular function f, the submodular function fF defined by 
f*(A)=f(E -A) (AsE) (2.4 
is called the dual of f, and the submodular system (E, f”), the dual of (IS, f). It 
should be noted that in general the principal structure of a submodular system 
and that of its dual are different from each other. 
3. Examples 
(a) The Dulm age-Mendelsohn. decomposition of bipartite graphs. 
Let G( V’, A*, V-) be a bipartite graph with end-vertex sets V‘ and V- and 
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arc set A* s V’X V’, A set function j? 2E+ R defined by 
f+(u)= I r+w - I UI (uc,v+), (3.1) 
FtU=(v- I@+, v-)EA*, O+E u) (UC, V') (3.2) 
is a submodular function, the negative of the deficiency function. The principal 
structure of ( “,f”) expresses a finer structure than the Dulmage-Mendelsohn 
decomposition of G [I]. 
(b) Ri&pal partitions of polymatroids. 
Let b = (6(e) : e E E) be a base of a polymatroid (E, p), where p is the ground- 
set rank function. Define a submodular function f : 2E --) R by 
f(A) = p(A)- MN (A s Eh (3.3) 
where b(A) = c (b(e): e E A) (A s E). The principal structure of (E, f) is called 
the principal partition of the polymatroid (E, p) with respect to base 6 (cf. 123) 
and provides useful information for the analysis of network flows 123. Also, the 
principal partition of a matroid due to N. Tomizawa [3] is a special case of the 
principal structure of (E, f) for f defined by (3.3) with an appropriately chosen 
base b. The principal partition was independently consider-ed by H. Narayulan [4] 
(also see [SD. 
The author is deeply indebted to Professor Masao Iri of the University of 
Tokyo for his valuable discussions on this note. Thanks are also due to Professor 
Louis Weinberg of the City College of New York, presently Visiting Professor of 
the University of Tokyo, for his useful comments which made the paper more 
readable. 
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